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Motivation: dynamics of large atoms (e.g. electrically neutral atom)

N N N 1
v =2 [‘AVW] XX
j=1 / i<j /

General goal: study the dynamics of the low energy states

{ 0Nt = Hndwe
YNo = UN -

N is large = look for scaling regimes in which the evolution can be well
approximated by an effective dynamics.
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Space variable scaling: X; = N x;
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Effective evolution equation?
Ground state ~ Slater determinant (Bach ‘92, Graf & Solovej '94)

1 .
¢81ater(x1, .. ,XN) = —det(ﬁ(xi))i,jgN R {’;’}jgN 0.1.S. 1In LZ(RS).
Vv N!
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Our result

Theorem
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tr (—e?A)wy < CN.
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@ Translation invariant states
A box with periodic b.c. = wn (X; y) >~ wn (X — )

[x,wn,¢] and [[x, wn ]| translation invariant = pj(x.,, | = const
Plixen)l = O(Ne)
wy function of (x — y) decaying at distance |x — y| > e.
@ N dependence in the HF equation: N — ~?

The Vlasov equation is the next degree of approximation.
The Wigner transform of wy ; for N — oo solves the Vlasov equation

| OWE(x, V) + v - ViWi(x, v) = V(V 5 pr)(X) - V, Wi(x, V) |
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@ 1980: Narnhofer and Sewell (convergence to Vlasov for analytic
potentials);

@ 1982: Spohn (extension to C? potentials);
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2015: Benedikter, Jaksic, Porta, S., Schlein (mixed states);

2016 Coulomb potential with different scalings:

» Bach, Breteaux, Petrat, Pickl, Tzaneteas;
» Petrat, Pickl.
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second quantisation of J, operator on L2(R3)
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Idea of the proof

@ Control on the fluctuations

Bound on the expected number of excitations of the Slater determinant

(Un(D, N Un(1)S2)
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To control fluctuation: Gronwall type estimate
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= & (2 Nn(D2)

. 1 1

:41ij // dxdym
{ Un()Q, alwrx)a(wry)a(l —wry)a(l — wrx)Un(t)Q)
+ <Z/{N(t)Q7 3*(1 — wt’y)a*(wtw)a*(wt,x)a(Wt’X)UN(t)Q>
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Fefferman — de la Llave representation

(*) %I/dx dy ﬁ(uN(t)Q, a(wt,x)a(w;,y)a(1 — wt)y)a(1 — wt,X)UN(t)Q>
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Fefferman — de la Llave representation

(*) %I/dx dy ﬁ(uN(t)Q, a(wt,x)a(w,,y)a(1 — wt,y)a(1 — wt,X)UN(t)Q>

Smooth version of Fefferman—de la Llave representation for the Coulomb
potential:

1

> dr v 52/,2
m = C/O F/dZX(r,z)(X) X(r,z)(y)v X(r,z)(X) =g =2l
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Ix —y|

Insertitin (x):

°° dr
/dxd / F/de(r,z)(X)X(r,z)(y)

X (Un(D)Q, awtx)a(wry)a(l — wry)a(l — wex)Un(t)Q)

—C/kdr/dxd dz---+9/ocdr/dxd dz
=N/ ly N/, lydz ...

1 o dr N
= CA F/\de(r)z)(X)X(,«’z)(y)7 X(r,z)(X) —e |x 2‘2/r2



Fefferman — de la Llave representation
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°° dr
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c [~ Cc [~
:—/ dr/dxdydz-~-+—/ dr/dxdydz...
N Jo N Ji
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